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We introduce a scheme of a photonic coupler built of two parallel topological-insulator slab waveg-
uides with the intrinsic Kerr nonlinearity, separated by a gap. Josephson oscillations (JO) of a single
edge soliton created in one slab, and of a pair of solitons created in two slabs, are considered. The
single soliton jumping between the slabs is subject to quick radiative decay. On the other hand,
the JO of the copropagating soliton pair may be essentially more robust, as one soliton can absorb
dispersive waves emitted by the other. The most robust JO regime is featured by the pair of solitons
with phase shift π between them.
I. INTRODUCTION
Topological insulators are a class of materials that are
insulating in a bulk but conducting at their surfaces due
to the existence of scattering-resistant topological edge
states. In recent years, it was discovered that the con-
cepts of topological phases are not restricted to fermionic
states in solid-state settings, but can also be realized in
various optical and plasmonic media, such as photonic
crystals and metamaterials [1–6]. The rapidly growing
interest in the study of topological effects in photonics is
motivated by the vision of guiding and routing light by
optical circuits in a manner that is robust against distur-
bances introduced by disorder, due to the robustness of
topological edge states.
Solitons, i.e., self-trapped nonlinear waves that propa-
gate keeping their shape, have been recently observed in
the bulk of a photonic Floquet topological insulator [7].
They exhibit dynamical behavior fundamentally different
from that demonstrated by solitons in ordinary bandgap
settings [8], viz., cyclotron-like orbits that are associated
with the topology of the lattice.
The concept of topological lasers, based on the pho-
tonic Floquet topological insulator, was put forward in
theoretical work [9], The system proposed in that work
was designed as a truncated array of lasing helical waveg-
uides, with the pseudo-magnetic field induced by the
twist of the waveguides, and propagation direction that
opens up a topological gap by breaking the time-reversal
symmetry.
Further, the recent study [10] addressed topological
edge states existing on the domain wall between two he-
lical honeycomb lattices with opposite helicities. The
intrinsic nonlinearity of this system helps to create more
robust edge states in the form of fundamental and mul-
tipole solitons, including moving ones.
In this work, we address interaction between topolog-
ical surface solitons copropagating along opposite edges
of two slab-shaped topological-insulator waveguides sepa-
rated by a free-space gap. The overall setup, displayed in
Fig. 1, is identified as a coupler, i.e., a set of two parallel
waveguides with an empty space between them, which
are coupled by tunneling of the field across the empty
gap. Oscillatory dynamics of composite wave modes in
the coupler is usually categorized as Josephson oscilla-
tions (JO) [11], as long Josephson junctions [12] were
actually the first well-studied example of nonlinear cou-
plers for wave modes (plasma waves or fluxons in bulk su-
perconductors separated by a narrow dielectric barrier).
Various realizations of couplers are also known in optics
[13] and Bose-Einstein condensates [14–17]. Thus, the
present work aims to elaborate the scheme of the photonic
topological-insulator coupler and analyze the dynamics of
composite solitons in it.
II. MODEL
The photonic structure of each waveguiding slab build-
ing the coupler is similar to that proposed in Refs.
[18, 19] for the creation of surface solitons in the semi-
infinite bulk waveguide. In the paraxial approximation,
the propagation of monochromatic optical-beam enve-









nL(x, y, z) + n2|ψ|2
)
ψ, (1)
with the diffraction operator, ∇2
⊥
≡ ∂2x + ∂2y , acting
on transverse coordinates (x, y). Here k0 = 2πn0/λ is
the wavenumber corresponding to the carrier wavelength
(λ), n0 is the background refractive index, while nL and
n2|ψ|2 are the linear and nonlinear local corrections to
n0. Namely, nL(x, y, z) represents the helix-lattice back-
ground [20] with mean spacing a, helix radius R0, and
modulation period Z. We adopt parameter values con-
sistent with fused silica glass at the standard wavelength,
λ = 1550 nm: n0 = 1.45, nL = 2.7 × 10−3 in the waveg-
uides (and nL = 0 outside), and n2 = 3× 10−7 cm2/GW
[21]. Individual waveguiding helices have the circular
cross section with radius 4µm. The paraxial beam inten-
sity |ψ|2 is normalized by a characteristic value I0 = 103
2
GW/cm2, for which the nonlinear index shift n2I0 is com-
parable to nL. For the modal cross-section area of the
helix w20 = (10 µm)
2, this size of I0 requires peak powers




FIG. 1. A sketch of two photonic lattices composed of he-
lical waveguides. The lattices are separated by the gap of
width ∆. One lattice consists of (green) waveguides twisted
clockwise, while the other (orange) lattice is the mirror re-
flection of the green one relative to the midplane of the gap.
Therefore, the orange lattice consists of waveguides twisted
counterclockwise. This setting allows two solitons launched
on opposite edges of the gap to co-propagate in the same di-
rection. The waveguides in each lattice are shifted relative to
each other along the z-axis by half of the modulation period,
Z = 1 cm. Shown are the lattices composed of nsy = 4 shells
(ny = 2).
In present work we consider a coupler composed by two
mirror-symmetric staggered helical lattices separated by
the gap of width ∆, as shown in Fig. 1. Due to opposite
signs of the twist of the waveguides in the lattices, two
edge solitons copropagate in the same direction along the
edges of the lattices, and interact with each other across
the gap. For each lattice we use the parameters of non-
linear photonic Floquet topological insulators introduced
in Refs. [18, 19]. The lattices consist of 2D square arrays
of helical waveguides, staggered so that adjacent waveg-
uides have helix phase shifts of π relative to each other,
as shown in the right panel of Fig. 1. Note that, while z
varies within one period Z, each waveguide is approach-
ing its four neighbors sequentially. The respective mod-
ulation of the linear refractive index in Eq. (1), which
describes the coupler shown in Fig. 1, is adopted as
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where nx and ny are numbers of shells, equal in both
lattices (accordingly, total numbers of waveguiding rows
and columns in each lattice slab are nsy,x = 2ny,x). We
build the coupler starting from its center. Thus, we sum-
mation in Eq. (2) includes all waveguides along the x
axis in the range of {−[nx/2], [+[nx/2]}, where square
brackets stand for the integer part of nx/2. Both slabs
include ny shells. Factors V0(y − Y +m ) and V0(y + Y −m )
pertain to the top and bottom mutually symmetric slabs.
Further, functions introduced in Eq. (2) are




Here, ∆n1 = 2.7×10−3 is the modulation depth, d =
√
2a
and ∆ are the lattice constant and the gap width shown
in Fig. 1.
We assume a hypergaussian waveguide’s profiles Eq.
(2), viz.,





with σ = 4µm. The waveguides’ axes are shaped as the
helices,
x0(z) = R0 cos(Ωz), y0(z) = R0 sin(Ωz), (5)
with radius R0 = 4µm and pitch Z = 2π/Ω = 1 cm,
while while value of the gap is defined by parameter ∆,
as shown below. These parameters are chosen to provide
a balance between the minimization of bending losses,
which inevitably accompany the strong nearest-neighbor
couplings in the setting under the consideration, and the
necessity to fit sufficiently many helix cycles to an exper-
imentally feasible total array length, . 10 cm.
Our objective is to explore the interaction between two
solitons copropagating along edges of the slab-shaped lat-
tice waveguides forming the coupler in Fig. 1. As shown
by Fig. 2, the solitons move in the same direction due to
the mutual mirror symmetry of the parallel slabs. The
interaction between the solitons is mediated by the elec-
tromagnetic field traversing the gap between the slabs.
First, we produced individual edge-soliton solutions of
NLSE (1) with the effective potential defined as per Eqs.
(2)-(5), starting from input
Ψ (x, y; z = 0) =
√
I exp(−(r− r0)2/2a2), (6)
where r0 is the initial position of the soliton, and I is
its peak power. It is known that the edge soliton, while
it can pass a considerable distance, is not a completely
stable object, being subject to losses due to emission of
small-amplitude dispersive waves [18], see Fig. 3. The
loss rate depends on number ny of layers in the lattice
slab in the direction across the lattice, see Fig. 1. To
find the optimal number, we computed the power of a
single soliton propagating along the edge of one lattice
slab. The results, displayed in the top plot of Fig 3,
demonstrate that the edge soliton traveling in a thin slab,
with ny ≤ 3, decays faster than in the thicker one, with
ny ≥ 4. Therefore, we ran the systematic numerical anal-
ysis using the slabs with ny = 4. Then, Fig. 3 shows that
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FIG. 2. Configurations of the copropagating solitons in the
dual-waveguide coupler in the (x, y) cross-section at different
values of propagation distance z. The solitons are launched
at z = 0, and subsequent configurations, produced by the nu-
merical solution of Eq. (1), are displayed at z = 1, 2, 3, 4 cm.
The distance between waveguides in each lattice (spacing) is
d ≈ 31 µm. The width of the gap between the lattices, ∆,
is the same as in Eq. (3). Circles indicate cross-sections of
individual waveguides and arrows designate the direction of
their twist.
the peak power of the soliton decreases by ≃ 10 times,
having passed 10 cm in the z direction. Because the
soliton moves along the z axis in the lattice with pitch
Z = 1 cm, it shifts by 10 helix waveguides in the x direc-
tion while passing 10 cm along z. This means that one
needs to have the number of layers nx ≥ 10 in the slab
along x. In the simulations, we used the lattices with
nx = 18.
III. EDGE SOLITONS INTERACTING ACROSS
THE GAP
To address the interaction of two edge solitons carried
by the parallel lattice slabs in the coupler, as shown in
Fig 2, we take the solitons moving with equal velocities,
which maximizes the impact of the interaction. Gener-
ally, the interaction effects are transient ones because,
as mentioned above, each soliton by itself loses 90% of
its energy after passing the distance z = 10 cm. It is
well known that the soliton-soliton interaction depends
on their peak powers, distance, and relative phase be-
tween them [22]. We monitored the evolution of rela-
tive phase ∆φ(z) and power difference ∆P (z) between
two edge solitons maintained by the top and bottom slab
waveguides as
FIG. 3. The top plot: the peak power of the single edge
soliton traveling from right to left in lattice slabs built of ny
layers. The bottom plot shows color-coded consecutive inten-
sity distributions in the lattice with ny = 3. White circles








|ψbott(x, y, z)|2 dxdy,
∆φ = φtop − φbott, (7)
where Ωw is the biggest area around the given helical
waveguide which does not touch adjacent ones, see the
right panel of Fig. 2), while φtop and φbott are the phases
measured at centers of the waveguides.
The power distribution in the interacting edge solitons
depends on the gap’s width ∆, the initial value of ∆φ,
and the initial power (taken equal for both solitons). As
the result of the interaction, a part of the solitons’ energy
oscillates between the slabs, realizing the JO. We define
the oscillation period, T1/2 ≡ z2 − z1, as the distance
between the first two consecutive points, z1 and z2, at
which the numerical solution exhibits equal energies in
both waveguiding slabs. The oscillations are not strictly
periodic because the period is affected by the continuing
energy loss. Only values T1/2 > 0.1 cm were registered,
as smaller ones may be a result of fluctuations caused by
the interaction of the solitons with the dispersive waves.
First, we consider JO initiated by the single soliton,
launched at z = 0 in one waveguiding slab. Depending
on the gap’s width, the initial soliton performs the oscil-
lations periodically jumping across the gap, whose width
is smaller than a critical value ∆cr, which takes values
1.1d ≤ ∆cr ≤ 1.2d (recall d is the lattice spacing). At
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FIG. 4. The period of soliton’s JO (Josephson oscillations),
T1/2, vs. width ∆ of the gap separating the lattice slabs
formimg the coupler. Values of ∆ are shown in units of the
lattice spacing, d. (a) The results for the JO of a single soliton,
which was initially created in one slab. (b) The results for
the pair of solitons initially created in two slabs, with phase
difference ∆φ(0) between them.
∆ > ∆cr, the soliton stays in its initial slab. Thus, JO
performed by the single soliton are characterized by the
dependence of the JO period, T1/2, on ∆, which is pre-
sented in Fig. 4(a), in the interval of 0.6d ≤ ∆ ≤ 1.1d
(for ∆ ≤ 0.5d the two lattice slabs start to touch each
other, closing the gap between them, while at ∆ > 1.1d
the proximity to ∆cr makes T1/2 extremely large).
Next, Fig. 4(b) summarizes the results produced by
the simulations of JO of two edge solitons which were
initially created in the two slabs, with phase difference
∆φ(0). It is seen that the JO frequency, 2π/T1/2, attains
a maximum at ∆φ(0) = π and a minimum at ∆φ(0) = 0.
This observation is explained by the fact that the soli-
tons repel and attract each other in the former and lat-
ter cases, respectively [22], hence the respective inter-
action force accelerates or decelerates the mutual mo-
tion of the solitons. Indeed, a full picture of the simu-
lated evolution shows that the solitons periodically pass
through each other, thus shuttling between the opposite
slabs, or bounce back from each other, thus oscillating
between one slab and the gap’s midplane, in the cases
of ∆φ(0) = 0 and π, respectively. Case ∆φ(0) = π/2
corresponds to inelastic bouncing with strong energy ex-
change between the edge solitons. Further, it is observed
that the period of two-soliton JO naturally increases ap-
proximately linearly with the increase of the gap’s width
∆.
A significant result produced by systematic simulations
of the JO is that the two-soliton configuration is essen-
tially less vulnerable to the decay than the single edge
soliton. This trend is explained by the fact that dis-
persive waves emitted by one soliton may be absorbed
by the other. Accordingly, in the two-soliton dynami-
cal regimes the energy stays concentrated in the solitons,
making them brighter. In Fig. 5(a), the peak power of
the single- and two-soliton configurations is displayed as
a function of the gap’s width, ∆, in the state produced by
the simulations at z = 10 cm. It is seen that the strong
FIG. 5. (a) The peak power (normalized to I0, see Eq. (6))
of the single soliton and soliton pair, with different phase
shifts, after having passed distance z = 10 cm, vs. the width
of the gap between the parallel waveguiding slabs. (b) The
peak power of the single soliton, and largest powers of the
soliton pair in the top and bottom slabs, vs. the propagation
distance, for the coupler with gap ∆ = 0.8d and phase shift of
the pair ∆φ(0) = π (which is the the optimal set of parameters
for the pair, as per panel (a)).
interaction across the narrow gap, with ∆ ≤ 0.75d, leads
to quick decay of the solitons, faster than the single soli-
ton loses its energy. However, at ∆ = 0.80d, the interac-
tion gives a significant boost to the soliton’s brightness
for all initial phase shifts between the solitons, the largest
boost being observed for ∆φ(0) = π (the latter finding
is natural, as the repulsion between the solitons helps to
hinder their decay).
Further, in Fig. 5(b) we compare the results produced
by the propagation of the single edge soliton and the
pair of two solitons with ∆φ(0) = π, in the coupler with
∆ = 0.80d (the best configuration for the pair produced
by Fig. 5(b)). The results, displayed in the form of the
dependence of the peak power on the propagation dis-
tance, z, clearly demonstrate that the interaction indeed
leads to the increase of the peak power which stays in
the solitons. In particular, at z = 18 cm it is three times
higher in comparison with the single soliton. Thus, the
interaction between the solitons makes their JO essen-
tially more robust.
IV. CONCLUSIONS
In conclusion, we have analyzed the dynamics of the
single edge soliton and a pair of solitons copropagating in
the coupler built of parallel photonic topological insula-
tors separated by a gap. The single soliton performs JO
(Josephson oscillations) between the parallel waveguides,
quickly losing its energy through the emission of radia-
tion. The evolution of the soliton pair demonstrates es-
sentially more robust dynamics, as dispersive waves emit-
ted by one soliton may be absorbed by the other, in the
course of their collective JO. The two-soliton dynamics
depends on the phase shift ∆φ(0) between the solitons,
the most robust regime corresponding to ∆φ(0) = π, in
which case the two solitons periodically bounce back from
each other. As an extension of the analysis, it may be
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interesting, in particular, to consider a ring cavity, in the
form of the photonic topological-insulator coupler closed
into a ring. The two-soliton JO of the solitons running
along the ring may be additionally stabilized by external
gain.
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